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Abstract 

We study a superconformal index for Af — 4 super Yang-Mills on 
S 1 x S* 3 with a half BPS duality domain wall inserted at the great two- 
sphere in S 3 . The index is obtained by coupling the 3d generalized 
superconformal index on the duality domain wall with 4d half-indices. 
We further consider insertions of line operators to the configuration and 
propose integral equations which express that the 3d index on duality 
domain wall is a duality kernel relating half indices of two line operators 
related by the duality map. We explicitly check the proposed integral 
equations for various duality domain walls and line operators in the 
Af = 4 SU(2) theory. We also briefly comment on a generalization to 
Af = 2 At Gaiotto theories with a simple example, Af = 2 SU(2) SYM 
with four flavors. 
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1 Introduction and Conclusion 

Exact calculations in supersymmetric theories are remarkable achievements 

in recent years. One early example is the partition function for 4d N = 2 



gauge theories in the Omega-background pQ . Recently, it is extended to the 
S partition function with insertions of line operators [2J [3] , S' 3 partition 
function for 3d M = 2 theories [H [6] and the S partition function with 
insertions of certain supersymmetric domain walls [7J[8]. The 4d supercon- 
formal index [9] [10], a twisted partition function on S 1 x S 3 , is another 
exactly calculable quantity. The calculation is extended for 3-dimensional 
gauge theories on S 1 x S 2 [12] where the magnetic monopole operators 
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are taken into account. The 4d superconformal index with insertions of non- 
local operators is also considered. For instance, the line operator index is 
obtained in [131 E! an d the surface operator index is studied in [15J. 

In this paper, we study the index in the presence of both 1/2 BPS duality 
domain walls and 1/2 BPS line operators in N = 4 super Yang-Mills theory. 
Our approach employs two powerful tools developed recently. The first one 
is the generalized superconformal index for 3 dimensional theories |16| . The 
generalized index is defined by not only introducing the chemical potential 
for global symmetries but also turning on magnetic flux of the fictitious 
gauge field for the global symmetries. The second one is the superconformal 
half-index for 4-dimensional theories which was introduced in |13j and also 
used profitably in studies of the index with line operators in |13[ fT4"] . The 
half-index is to a superconformal index as the Nekrasov partition function 
to a S* 4 partition function. As we obtain the S 4 partition function by gluing 
two Nekrasov partition functions, the index on S 1 x S 3 can be obtained 
by gluing two half-indices. As for the S" 4 partition function with 3d domain 
walls, the 4d superconformal index with 3d domain walls can be obtained by 
coupling the 3d generalized index on the domain wall with 4d half-indices. 

Duality domain walls in 4d N = 4 theories are first introduced in |17} [18] 
in the study of S-duality of supersymmetric boundary conditions. Recently, 
the duality domain walls draw much attention as a useful laboratory for 
studies of the 3d-3d version of AGT relation [19]. See [20l EH [22l [J3] and 
references therein. Field contents and Lagrangian for 3d theories on some 
duality domain walls in 4d N = 4 SYM are known 120] . However, such 
information for 3d theories on duality domain walls in general 4d N = 2 
theories is limited in literatures. In [8], it is shown that the S-duality kernel 
in Liouville theory on a torus can be mapped to the <S 3 partition function 
for T[SU{2)\ theory which is the theory on the S-duality domain wall in 
4d M = 4 SYM with gauge group SU(2). Using the same map, the S 3 
partition function on the duality domain wall in 4d N = 2 SU{2) SYM 
with four flavors is obtained from the duality kernel in Liouville theory on a 
sphere with 4 punctures |23] . Some speculations on the interpretation of the 
partition function as that of 3d gauge theory are also given in |23j . However, 
the theory on the duality domain wall is not yet identified to the authors' 
knowledge. 

The organization of this paper is as follows. In section 2, we review the 
construction of the duality domain wall, and the superconformal index com- 
patible with the BPS duality domain walls and line operators. In section 
3, we start with a general discussion on a relation between the generalized 
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index on the duality domain wall and the half-index on the hemi-sphere. 
Then we discuss how to add line operators into our setting. It leads to 
a proposal of integral equations for the index on the duality domain walls 
and the half- index on the hemisphere in section 3.2. This is inspired by the 
similar equation for the S 3 partition function for the self-dual wall and the 
S partition function for 4d M = 4 SYM theory [8j. To be concrete, in 
section 4, we focus on the self-dual walls and line operators in the M = 4 
SU(2) SYM theory. We show that the 3d index on the self-dual domain 
wall satisfies the proposed integral equations with 4d half-index with line 
operators. In section 5, we consider a generalization of the previous argu- 
ment to the duality domain walls in generic M = 2 Gaiotto theories [H] of 
type A\ . We use the integral equations to obtain a few lowest orders of the 
index for the theory on the S-duality domain wall in 4d N = 2 SU (2) with 
four flavors theory. We confirm that the index coincides with the index for 
3d theory proposed in |23j . We have two appendices. We consider the 3d 
index of T[SU(2), S 2 ] theory in Appendix |a} The index of T[SU(S)} theory 
and S-duality of the fundamental Wilson line in 4d SU(3) M = 4 theory 
are discussed in Appendix [BJ The result suggests that acting S-duality twice 
maps the fundamental Wilson line to the anti-fundamental Wilson line. 

2 Reviews 

In this section, we will review some background materials relevant to this 
paper. 

2.1 A Duality Domain Wall 

Let us first briefly review the construction of a S-duality domain wall in 
M = 4 SYM on R 4 jHHE]. 

Consider a Janus domain wall of N = 4 SYM which is a configuration 
that the holomorphic coupling r := 41^- + 4- varies as a step function of 

one of spatial directions, say x 4 (see the left side of fig. [I]) [251 ES]. The 
holomorphic coupling is r on the right half-plane x 4 < and r' on x 4 > 
0. The Janus domain wall can preserve half of supersymmetries without 
additional degrees of freedom by breaking the SO(6) R-symmetry to SO(3) 
x SO(3) [271 EH1 [25] [] • Taking S-duality on one of the half-planes, say 

1 A more general Janus configuration (holomorphic coupling as a general function i"(:r 3 )) 
has been considered and shown to preserve half of supersymmetries. When t(x ) is a step 
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Figure 1: A Janus domain wall of 4d, M = 4 SYM with gauge group G is 
a configuration that the holomorphic coupling r varies as a step function at 
x 4 = (left). For r' related with r by S-duality, one can take S-duality on 
the right-half plane (red region), which results in the S-duality domain wall 
supported at x 4 = (right). 

x 4 > 0, the system becomes 4d M = 4 SYM with gauge group G on the left 
half-plane and the same theory with L G (the Langlands dual or GNO dual 
of G) on the right half-plane. Also additional degrees of freedom appear at 
x 4 = which can be described as a domain wall at x 4 = 0. Especially when 
t' is related with r by S-duality, it is called an S-duality domain wall. If r' 
is related with r by a general element ip in PSL(2,X) duality, it is called a 
duality domain wall. 

For the S-duality domain wall, let us take the limit that Im[r] is very 
large, then 4d theories are decoupled from the degrees of freedom on the 
domain wall. The remaining 3d theory is called T[G] [IB]. If one starts 
with a Janus domain wall with r' = <p{r), the resultant 3d theory can be 
denoted as T[G, cp], adapting the notation in [2D]. In this notation, T[G] can 
be understood as T[G,(p = S]. Explicit quiver diagrams for T[G] for G = 
SU(N),SO(2N + l),Sp{2N),SO(2N) are given in [TS]. Quiver diagrams 
for T[SU(2), ip] are given in [20] . We reproduce some of them in fig [2] and [3] 
which are relevant to our discussion. 

T[G, cp] theory has a global symmetry G x L G. The Higgs branch 
has a classical symmetry G, manifestly rotating hypermultiplets, while the 
Coulomb branch has symmetry L G in the infrared. The symmetry enhance- 
ment at IR is due to monopole operators of 3d [18J. If the Im[r] is finite, the 
global symmetry G (resp. L G) is gauged with the 4-dimensional gauge group 

function, conformal symmetry can be preserved thus we can use the conformal map from 
R 4 to S 1 x S 3 or S\ 
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Figure 2: The quiver diagram of T[SU(N)] theory (left). A unitary gauge 
group is denoted by a circle, SU(N) flavor symmetry by a square, and 
a bi-fundamental hypermultiplet by a line. T[SU(N)] theory has a global 
symmetry SU{N) x L SU(N) and we draw the quiver diagram for the theory 
in a simpler form (right). 



G 


T[G] 







T[G, ST^ST ki ] 



Figure 3: The quiver diagram for T[G, tp] with <p> = ST kl ST k ' 2 . An integer 
k under a hexagon denotes the Chern-Simons level for the gauge field (or 
background gauge field coupled to global symmetry) in the hexagon. An 
internal node denotes a gauge symmetry and external two nodes denote 
global symmetries. 

on the left (resp. right) half-plane to make up a 3d/4d coupled system. 
2.2 4d and 3d Superconformal Indices 

In this section, we will consider 4d and 3d superconformal indices compatible 
with the duality domain wall. The half BPS domain wall R 3 C R 4 can be 
conformally mapped to S 1 x S 2 C S 1 x S 3 . Let coordinates of R 4 be (x, x 4 ) 
with x := (x 1 , x 2 , x 3 ), where the conformal map is given b}j^] 

(x, x A ) = e~ T (sinx^, cosx), '■= (sin 9 cosy?, sin 6 sin tp, cos 0)j . 

2 Under the conformal map, R 4 is mapped to R x S 3 . We compactify the R by making 
r a periodic variable. 



6 



Then the metric of S 3 in S 1 x S 3 is given as 

ds 2 s3 = d X 2 + sin 2 x(d0 2 + sin 2 9 dip 2 ), ( 1 ) 

where x € [0,7r], 9 € [0,7r] and 99 £ [0,27r]. 

In |13j , the following superconformal index for 4d = 4 SYM is shown 
to be useful to study domain wall or line operator indices 

I(x) = Tr[(-l) F x e+jL+jR ], (2) 



which is the same index employed in [14] to study 4d line operator indices. 
e,j L ,j R are Cartan generators of U(l) 3 C U{1) x SU{2) L x SU{2) R ~ 
50(2) x SO (4), which is the rotation symmetry of S 1 x S 3 . One can choose 
Jl, 3r so that jl + ju rotates the phase of x 1 + ix 2 on R 4 , which in turn 
rotates (p of the 3-sphere coordinates in Q. 

To consider the index with a domain wall, we need to consider a 3d index 
on the domain wall, since there are new degrees freedom localized at the 3d 
domain wall. One can use the following 3d J\f = 2 superconformal index on 
S 1 x S 2 , 

I 3d (x) = Tv[(-l) F x* + i], (3) 

where j is the Cartan of S0(3) rotation of S 2 . Under the embedding of the 
domain wall (5 1 x S 2 C S 1 x S 3 ), the j corresponds to the j = jl + Jr 
in eq[2| Thus the 3d/4d index in eq Q/eq ([2]) can be used for the 3d/4d 
coupled system. This 3d index has been studied, for instance, in [TT | [1~2" 1 IT6] . 

To couple the 3d theories to 4d theories with insertions of 't Hooft line 
operators, we will consider 3d generalized index introduced in [TB]. That 
means, we will turn on background monopole fluxes which couple to the 
global symmetry G x G in the 3d theory. 



3 Index with Duality Domain Wall 

3.1 Index Formula 

The index ([2]) for 4d N = 4 SYM with gauge group G can be written in the 
following form |13j 



IjV=4 SYM, g(x) 

= J2j [dU} m (U m>G (x, E/))tn m , G (x, U) . (4) 
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Here H m ,G(x, U)(pr ILg(x,U,jxi)) denotes the "half-index" introduced in 
|13| . The half-index can be understood as the index on S 1 x D% (D3 denotes 
the hemisphere) with boundary (S 1 xS 2 ) conditions labelled by the magnetic 
fluxes on S 2 , m, and gauge holonomy along the S 1 , U. [dU] m is a natural 
measure introduced in [13] for G = SU(2), which can be easily extended to 
an arbitrary gauge group G. For convenience, we introduce the operation 
'0' defined as 

(A ©£)(...,...) :=J2<f[dUUA(...,U,m)B(U,m,...) . (5) 
Then, the index formula Q can be simply written as 

Im=4 sym, g(x) = 4©n G . (6) 

For an explicit expression, first introduce a basis {H 1 } of Cartan subalgebra 
of gauge group G and let 

rank(G) 

m= rrnH\ U = e iX = e^i XiHi . (7) 

i=i 

We choose the normalization for H l so that U = e lX is periodic in AjS with 
period 2ir. The half-index is given by 

2 

n m , G (x, U) = S m!0 PE[-^—^ X adj(U) + Y^-zXadjiU)} , (8) 

where PE denotes the Plethystic exponential which converts a single particle 
index to a multi-particle index [^J and Xadj is the character of the adjoint 
representation of G. Explicitly, 



Xa4,(t/) = E e " (A) ' W 

a 

where ^ Q denotes the sum over all roots of gauge group G. The first term 
in the exponent of ^ is originated from fermions in the vector multiplet, 



PE is defined as 



PE[f(x, U)] := exp ^fj ±f(x n , U n )j . 



s 



the second term from scalars in the adjoint hyper-multiplet. The measure 
[dll] m is given by ( 'sym' denotes the symmetry factor) 



rank(G) 

idu] m :=-±—( n px-i^^n(i-- Km)i ^ (A) )- do) 

y V > i=l a^O 



Before considering the superconformal index with the duality domain 
wall, let us first review the S 4 partition function with the domain wall. The 
expectation value of the domain wall on S is proposed in [7] as a matrix 
integral 

(Owall)s 4 = J dv(d)dv(a)Z mst (d)Z s z(a\a)Z inst {a), (11) 

where a (resp. a') is the Coulomb vev of M = 4 SYM at, say, the South 
(resp. North) pole of S 4 . dv(a) is the integration measure with the 1-loop 
determinant for a 3d M = 2 vector multiplet. Zi QS t(a) (resp. Zmst(a')) 
is the Nekrasov instanton partition function with holomorphic coupling r 
localized at the South (resp. North) pole of S 4 . Z S 3(a, a') is the <S 3 partition 
function for the theory on the domain wall where a, a' are now FI and mass 
parameters of the 3d theory. In [7] , the S 3 partition function on the duality 
domain wall is conjectured to be equivalent to the duality kernel in the 2d 
Louville theory in the AGT context. The conjecture is explicitly checked in 

m- 

On the other hand, without a domain wall, the partition function on S 4 
is given by Pestun [2] 

Ztf = 4 sym, s 4 = J dv(a)Z mst (a)Z inst (a). (12) 

An analogy between the instanton partition function and the half-index 
was established in [13], as can be seen in eq ^ and eq ( 12 ). Using the same 



analogy, from eq (11), one can propose the S-duality domain wall index as 
follows, 

I W aii{x) 

= EE / IdUUldU'U (n m , G (x,C/)) t I T[G] (x,U,m,U',m')U mjLG (x,U') 

m m ' J 

= U G Q I T[G] Ul g . (13) 
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where It[g]( x > U, m, U' , m') is the 3d index for T[G] theory. U and U' (resp. 
m and m') are chemical potentials (resp. magnetic fluxes) for global sym- 
metries G and G. Since L G is realized as a quantum symmetry due to 
monopole operators, U' will be introduced to the index of T[G] as a chemi- 
cal potential for the monopole charges. 



3.2 Index on Duality Domain Wall as a Duality Kernel 



Let us now argue that the S-duality wall index ([13]) should be same with 
the index for 4d M = 4 SYM without any domain wall. Since an index is 
invariant under a continuous change of r, the S-duality wall index at any 
value of r should be same with the index evaluated at r = — 4 Consider 

n G U 

an S-duality wall at r = This value is a fixed point of S-duality, i.e., 
r = — I— = Thus taking the inverse of S-duality on the right half-plane 
results in M = 4 SYM with r = ^ on the whole plane without any Janus 



wall. Therefore, the S-duality wall index given in eq (13) should be same 
with the index for 4d TV = 4 SYM in eq @, 

Iwall{x) = lM=A SYM, g(x). (14) 

We propose that the following sufficient condition for eq ( 14 ) holds, 
n m , G (U) =J2[ [dU'U I T[G] (U,m,U',m') U m ,, G (U') 

m' 

= (I T[G] QU LG ) m (U) . (15) 



which will be explicitly checked for G = SU (2) in section 4.3 and for G = 
SU(3) in appendix [bJ A similar relation is found for 5 4 and 5 3 partition 
functions |8]. 



The relation (15) can be further generalized by introducing BPS line 
operators to the system. As discussed in [13J, if half-BPS Wilson line and 
't Hooft line operators preserve the rotation symmetry generated by j = 
jh + jRi they preserve at least 2 real super charges which are common to 
that preserved by a half-BPS domain wall at x = f • The line operators 
on S 1 x p c S 1 x S 3 preserve j, if the point p is on S 2 C 5 3 defined by 
# = 0or# = 7rin 0. The preserved supersymmetries are compatible with 
the definition of the superconformal index in Q and ([3]). Thus one can 



4„ 



no 



1 for gauge group G = SU(N), SO(2N) and na = \/2 for G = SO(2N + 1), 



USp(2N). 
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consider the index in the presence of both the duality domain wall and the 
line operators. With the insertion of a line operator L, the half-index II is 
modified as 

n + ^°j~L U (16) 

where Ol is a difference operator acting on the half-index IT. 




T[G,<p] 



TJ L 

Figure 4: Consider a Janus domain wall at the equator of 3-sphere in S 3 x S 1 
with a line operator L' inserted at the south pole of the 3-sphere (left), r' 
and L 1 are related with r and L by a duality element (p. Taking c/2 -1 -daulity 
on the southern hemisphere results a duality domain wall at the equator and 
the line operator L at the south pole (right). 



Generalizing eq (15) including line operators, we propose the following 

i T [gm (o L • n) = 6 m • n (17) 

where <p(L) denotes a line operator related with L by (p G PSL(2, Z). We 



will show explicit examples for eq (17) for G = SU{2) in section [43 



4 Example : M = 4 SU{2) SYM 
4.1 Index for T[SU(2),<p] 

In this section, we will write down the explicit formula for generalized index 
for T[SU(2), ip] with general tp. One can use the prescription in \12 \ [16] 
to write down the 3d generalized index for T[SU(2)] theory as follows 

I T[sum (u,m;u>,m>) = j> ^ [u'f s (?™> x \\ s+m \ + \\s-m | 

1/2 

x PE[- ( x\ s+m \(u( + u^C 1 ) + xl'-^lfuC -1 + u-\))} . (18) 

1 + X \ ) 
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Recall that T[SU(2)] theory is given by 3d TV = 4 SQED with two elec- 
tron hypermultiplets. Here U = diag(n, u^ 1 ), U' = diag(u', u'' 1 ) are chem- 
ical potentials for (or equivalently background gauge holonomies coupled 
to) the global symmetry SU(2) and L SU{2) respectively. Similarly m = 
diag(m, —m), m' = diag(m', —m!) are background monopole fluxes coupled 
to the global symmetries. (£, s) are the holonomy and magnetic fluxes of 
the (dynamical) U(l) gauge group respectively. 

a . 5 |*-Hn|+ 3 |*-m| ariseg 

from 

the Casimir energy of the monopole sector. The term {v!) 2s ( t 2m comes from 
the coupling of the background gauge field Abg with the topological current 

j = *dA u{1) us], 



/ 



A BG A dA u{1) . (19) 

The origin of terms in the Plethystic exponential can be found in [12]. The 
sum ^2 is over integers (resp. half-integers) if m is an integer (resp. half- 
integer). It is to satisfy the Dirac quantization conditions, s =t m G Z. Note 
that (,u,u' are complex numbers with the unit length and their complex 
conjugations are given by £* = etc. Expanding in x, the first two terms 
are 

I T[SU(2)\ (u,m = 0;u',m' = 0) = 1 + (Xadj(u) + Xadj(u'))x + 0(x 2 ) 

where Xadj{u) = u~ 2 + 1 + u 2 is the adjoint character for SU(2). Thus up 
to this order, it is obvious that the index is invariant under the exchange of 
(u, m) and (vf, m!) 

I T[su{2)} (u, m; u', m') = I T[S u(2)} ("', m'; u, m) . (20) 



Indeed, eq (20) is checked to several orders in x using Mathematica with 



different values of m and w! . For instance, 

i t\su(2)] 0, 0; u',-) = I T [su(2)} (u', 2' u '°) 

= (u^ 1 + u)x 1/2 + (u~ 3 + u' 1 + u + u 3 )x 3/2 + ... , and 
I T[SU(2)\ (u, 1; u', 3) = I T [SU(2)] {u 1 , 3; u, 1) 

/ -6 /— 2 . 6 /2\ 4 , I 4 /2 . -4 /—2s 6 , / 01 \ 

= (« a + w u )x + [u u +u u )x + ... (21) 

T[SU (2)] theory is known to be self-dual under the 3d mirror symmetry 
|30j . Eq ( |20[ ) shows the self-mirror property of the superconformal index of 
T[SU{2)], especially the interchangeability of Coulomb and Higgs branch. 
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A similar self-mirror property of S s partition function of T[SU{2)\ is noted 

Let us now consider an arbitrary element ip in PSL(2,Z). p can be 
written in the following form 

¥> = ...■ (ST k2 ) ■ {ST kl ) . (22) 

For p = ST k , the index can be given as 

i t[su{2)^=st"} («, m; m') = (" / ) 2fcm ' / r[5C/(2)] («, m; it', m') . (23) 

since the T k action corresponds to adding a Chern-Simons term with level k 
for background gauge field which couples to the quantum SU(2) symmetry 
(see fig. [2]). For tp = cp2 ■ <pi, the corresponding index is given as 

I T[su(2), i p= V2 - Vl ] {u, m; u, m) 

= f \- dv \rJT[SU(2),ip 2 ] (u,m;v, n)I T [ SU (2) t<Pl ] (v,n;u',rri) , 

n=0,|,l,- 

= {It[SU(2), V2 } © h[su{2),i Pl }){u, m; u, m) . (24) 

As we see in fig. [3j the 3d theory T[SU(2),ip2 ■ (pi] is obtained by gluing 
L SU(2) in T[SU(2),p 2 ] and SU{2) in T[SU(2), (pi]. In the gluing we gauge 
the diagonal part of the two SU(2)s and this gauging results in the inte- 
gration (summation) over holonomy v (flux m) in the above index formula. 



Here, the measure [dv] n is given as (10) 



[dv] n = (1 - k o)/^*- 2W (l " A 2 W)(1 - „-VH) . (25) 



Combining (18), (24) and (25), one can write down the index formula for 
T[SU(2),ip] with arbitrary PSL(2,Z) element (p. 

Note that for given (p £ PSL(2,Z), the way of decomposing p as prod- 



ucts of ST k s d22b is not unique. For example, <p can be expressed as 

p = S 2 ■ p . (26) 

Each decomposition of p will give a different formula for the index It[SU(2),(p] ■ 
But interestingly they seem to give the same index. For example, under the 
decomposition S 2 ■ p, the index can be written as 

I T[SU{2),S 2 - l p\ = I T[SU(2),S 2 ] © I T[SU(2),i P ] ■ (27) 
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As argued in Appendix |A| It[su{2),s 2 ] ac ^ s as the identity operator on 3d 
index, i.e., 

I T[SU{2),S 2 ] © h[SU(2),<p] = It{SU(2),^} ■ (28) 

Thus for this simple case, we confirm that the index T[SU(2), tp] does not 
depend on the decomposition of cp {tp or S 2 ■ ip). It would be interesting to 
prove it generally that the index It[su(2),<p] does not depend on the decom- 
position of (p. 

The property (20) which holds only for <p = S case can be generalized 
to general mapping class element <p £ PSL(2,Z) as follows 

h[SU{2),<p-*\ ( n > m ; u 'i m ') = I T[su(2), v ] («', -m'; u, -m) . (29) 

For p = S case, p~ l = ip as an element of PSL(2, Z) and It\su(2)\ { u , m \ u \ m ') 
It[SU{2)]{ u -> —m; u' , —m'). Eq. (29) can be checked by explicit index calcula- 
tions. For example, 

13 ,31 

I T[SU(2), v -i=(ST)^](u, -]U , -) = I T {SU(2),<p=ST](u',--]U,--) , 

= (uV + ^-)x 2 + (u' + ^-)x 3 . . . (30) 



It is worthy to prove the property in eq. ( 29 ) in full generality. 



4.2 Half-index and Line Operators 

In this section, we will give the explicit expression for the half-index II m in 
eq.Q and the action of line operators Ol on the half-index for G = SU(2). 
Firstly, 

X 

IL m (x,u) = 5 mfl PE[— — Xadj(u)\. (31) 

1 + X 

Line operators in the theory are labelled by two integers (p,q). Using 
the Weyl transformation of the gauge group SU (2) which relates (p, q) ~ 
(~p, — q), one can assume that p > 0. Under S and T transformation of 
PSL(2,Z), line operators (p, q) of magnetic charge p and electric charge q 
transform as follows 

S ■ (P,q) H- {-q,p), T : (p,q) H> (p,p + q). (32) 

Basic line operators are W (the fundamental Wilson line), T ('t Hooft line 
operator with the minimal magnetic charge) and T> (a dyonic line opera- 
tor with minimal electric/magnetic charge). They correspond to (p, q) = 
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(0,1), (1,0) and (1,1) respectively. These three are not independent but 
constrained with the following relations |31j , 

x^WT - x~ 1/2 TW = (x- x- l )V , 

and its cycle permuations W — > T> — > T — > W ■ (33) 
Under the S and T, these line operators transform as 

s : w -> r, r^w, v^-xv + x^wr, 

T : VW -> W , T^V, V^-xT + x^VW. (34) 
Note that these transformation rules are compatible with the relations in 



eq. (33). 



The half-index with a line operator (p, q) can be obtained by acting a 
difference operator O pa on the half index II. Explicit forms of difference 
operators 0\ iS and Oo,i are given as [13] 



- xx 2 — x X2 _s _i xx 2 — a; x 2 _ £ _ i 

Ol s = ^-j X 2 X p 2 -| — X 2 X p2 , 

x — X 1 X — X 1 

6 ,i = x + x" 1 , (35) 

where the basic difference operators x and p are 

x : = x m u, j5 := e am x d inu . 

By their definitions, Oyv := Oo,i,Or := Oi,o an d := One can 

check that 

x 1/2 d w d T - x- 1/2 d T d w - (x - x~ x )6 v = 

and its cycle permuations W — > V — > T — > W . (36) 



These are consistent with eq. (33) 



Let us consider how to obtain an explicit form of Ptq . Under a PSL(2, Z) 
transformation, the greatest common divisor of \p\ and |g| is invariant. Since 
gcd(ra, 0) = n for n £ Z + , the PSX(2,Z) orbits of O n> o are different for each 
other value of n. For any given charge (p, q) of a line operator, one can do 
the following procedure repeatedly 

1. Apply T (or T -1 ) transformations until the absolute value of electric 
charge becomes less than or equal to the magnetic charge. 
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2. Apply S transformation. 



to relate O va with O n $ by a PSL(2, Z) transformation where n = gcd(|p|, \q\). 
Thus PSL(2,7j) orbits of line operators P) q can be classified by a non- 
negative integer, gcd(|p|, |g|). In [3], it has been noted that the line operator 
(Oi,o) n corresponds to O nj o- Given S and T transformation of basic line 
operators in eq (34), one can generate an explicit form of VA for any (p, q) 
using eq (35 ). 



The -PSX(2,Z) transformation rules (34) and algebraic relations (33) be- 
tween line operators are obtained in j31] by studying Teichmiiller space of 
the one-punctured torus. They use the relation between the shear coordi- 
nates and loop coordinates of the quantum Teichmiiller space, the relation 
between loop coordinates and loop operators in M = 4 theory, and the du- 
ality transformation of the shear coordinates. The transformation given in 
eq.(3,45) of [31] is identical to our eq (34) up to some relative signs, by relat- 
ing (x, y, z) t h eirs = (T, W, V) ours . The quantum parameter h is related with 

i 

their q as (q)theirs = e h and with our x as (x) ours = (<?) t 2 Ws [13 Q3]. It's 
noteworthy to mention that geometric structures of a 2d Riemann surface 
X are encoded in the superconformal indices (not only in the S" 4 partition 
function |32J) of a 4d theory obtained by compactifying the 6d (2, 0) theory 
on S. 



4.3 Checks for eq. (17) 



In this section, we will check eq. (17) with various examples in the series 



expansion m x. 



For L = T l W n and ip = S, the eq. (|17l) becomes 



J]y'[dnV^T[5{/(2)](«,m;n',m , )(0 li oOo,i) ■ n m ,(u') = (O^O^o) • U m (u) . 

m' 

(37) 

Using the explicit expressions in the previous sections (4.1, 4.2), one can 
check these. For example, consider I = n = and m = 0. Using the fact 
that n m /(ii') is zero unless m' = 0, the above equation is simplified as 

U m=0 (x,u) = j)[du'] m >=o I T [ SU ( 2 )}(x;u,m = 0,u',m = 0) U m > =0 (x,u) . 

(38) 
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One can check that both sides give the same series expansion in x, that is 

1 + 0~ 2 + 1 + u 2 )x + (u^ 4 + 1 + u 4 )x 2 + O" 6 + vT 2 + u 2 + u 6 )x 3 
+ (n- 8 + u" 4 + 2 + u 4 + u 8 )x 4 + 0{x 5 ) . 

For L = T n and ip = ST, <p(L) = {-xV + x^WT) n , thus 

^2 j> [du]m>lT[SU(2);<p=ST] (u, m; u, m')O™ • n m / (u) 
m' 

= {-x6i A + x30 ,iOi,o) n • n m («) , (39) 

In the similar way, perturbatively in x, the above equation can be checked 
for an arbitrary n. 

4.4 Mass-deformation to N = 2* theory 

In this section, we will consider the mass deformation of 4d N = 4 theory, 
namely N = 2* theory. For the sake of simplicity, we will turn off the 
background monopole fluxes in this section, m = m' = 0. Turning on the 
background monopole flux is rather straightforward. 

One can deform the 4d N = 4 theory to M = 2* theory by turning on a 
mass parameter for the hyper- multiplet. The half-index for 4d theory differs 



from (31 ) as 

n(u, v) = pe[(-^-^ + j (« a + 1 + O] 

where rj is a chemical potential for U(l) rotating the phase of the adjoint 
hyper- multiplet |13j . In the path- integral approach of the index, turning on 
a chemical potential corresponds to a twisting of the covariant derivative 
of S l direction. In this approach, it is clear that turning on rj corresponds 
to the mass deformation of N = 4 theory with the adjoint hyper-multiplet 
massing- 

The mass deformation of 4d N = 4 SYM induces a deformation of 
T[SU (2)] theory where the deformed Lagrangian is given explicitly in [8]. In 
the superconformal index, it corresponds to turning on a chemical potential 
of U(l) under which 4 complex scalars in the fundamental hyper-multiplets 
have a charge 1, and the scalar chiral field in the vector- multiplet has a 
charge —2. This symmetry is called C/(l) pU ncture in [13]. Using generalized 
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index in [16], we turn on the chemical potential rj of £/(l) punc t U re as follows 

oo „ 

It[SU(2)](u,u' \v) = Yl f 



2vriC 

s=— oo " 

113 1 _, 

„„ r X27?2 — x2f] 2 I, , _, XT] 1 — xr? n 

* PE l \_ X 2 * H (C + C *)(« + « i) + -L_->}. 

(40) 

Note that the fermions are charged oppositely under C/(l) punc t U re from the 
scalars in the same chiral multiplet. r/~l s l is originated from the zero-point 
contributions to the charge of C/(l) pU ncture [32]. The first term in the plethys- 
tic exponential comes from the the 2 fundamental hyper-multiplets, while 
the second term comes from the vector multiplet. Here we use the fact that 
the chiral field in an N = 4 vector-multiplet has a non-canonical R-charge 

i M- 

The [/(l)puncture is an anti-diagonal sum of U(l) subgroups of 577(2) x 
SU(2) R-symmetry of the undeformed J\f = 4 theory [33] where two SU(2)s 
are exchanged under the 3d mirror symmetry. Thus, under the mirror sym- 



metry, r] is mapped to the inverse of itself. The self-mirror property eq ( 20 ) 
can be rewritten as 

It{su(2)} (u, u, rj) = I T [su(2)] (u, u, I]' 1 ), (41) 



and it holds as high an order in x as we checked. Indeed eq (41) is proved 
analytically in [35] . 

The argument that the index for the bulk theory should be same with the 
domain wall index still holds true after the mass deformation. The following 



relation, corresponding to the mass deformation of eq (38), is checked to 
several orders in x using Mathematica, 



U(u,r]) = f[du'} I T [su(2)]{u,u',r]) U(u',T]) 
where [du'] := [du'] m ' = Q. 



4.5 Another description for T[SU(2)] theory? 

In [53], the authors have found a 3d theory whose squashed three sphere 
partition function is same with that of T[SU(2)] theory. In this section, 
we will compare the superconformal indices for both theories. The theory 
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found in [23] is 3d N = 2 SU (2) Chern-Simons theory of level k = 1 with 
four fundamental chiral multiplets and three neutral chiral multiplets. The 
3d theory has SU(2) x L SU(2) x £7(l) puriC ture global symmetries which are 
same with that of T[SU(2)]. The charges of chiral fields under the global 
symmetry can be read from expression of the partition function given in 
[23]. In table [TJ we summarize charge assignment of chiral fields under the 
three Cartans, denoted as ?7(l)bot x U(l)top x ^ r (l)puncture, of the global 
symmetries. The single particle index of the Chern-Simons theory can be 



SU(2) 


U(l) hot 


U(l) top 


^(f) puncture 


2 


1 


1 


1 
2 




1 


-1 


1 
2 




-1 


1 


1 
2 




-1 


-1 


1 
2 


1 





-2 


-1 







2 


-1 










-1 



Table 1: Charges of chiral fields in a theory found to be dual to T[SU(2)] 
in [23]. SU(2) in the first column denotes the gauge group. 

written as 

11 3 _1 

i s j s (x, u, u f , m o =(« + u-^u' + u'- y^yjj 1 '* x w (c + r 1 ) 

+ r ^(r ] - 1 -r ] )(u' 2 + 2 + u'- 2 ) (42) 
1 — x z 

where the first line is originated from the four fundamental chiral multiplets 
and the second line from the neutral chiral multiplets. The R-charge for 
fundamental (resp. neutral) chiral fields is assigned to be | (resp. 1). ((,s) 
are fugacity and magnetic flux for SU{2) gauge group. The index of the 
Chern-Simons theory can be obtained by taking Plethystic exponential of 
the single particle index, 

oo „ 

I C s(u, u>, v)=J2f [dCU- 2lsl C 2lsl PE[I s c P s (x, u, u', V ; ()] (43) 
where [dQ s is the SU(2) Haar measure in eq (25). In eq (43), £ 2 ' s ' is origi- 



nated from the classical contribution of Chern-Simons term and rj 2 ' s ' from 
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the zero-point contribution to the flavor charge. Up to several orders in x, 
we check that 

Ics{u, u', rj) = I T [SU(2)] (u, u, rj) (44) 



for lT[SU(2)](u,u',rj) given in eq ( gOJ ). 



5 Generalization to A\ Gaiotto theories 

One may consider a more general set-up. Consider Gaiotto theories |24j 
obtained by compactifying the 6d A/v-i (2,0) theory on a 2d surface S g a 
genus g Riemann surface with h holes. In this section, we will only consider 
the N = 2 (two M5s) case and denote the corresponding 4d M = 2 super- 
conformal theories by T g h- Basic dictionaries between structures on the 2d 
surface and 4d field theory are as followings, 

• Space of complex structures on S = Parameter space of the 4d theory. 

• Mapping class group of E = (Generalized) S-duality group. 

Let us denote the mapping class group of the by r(S fl> / l ). For given 
Riemann surface and an element (p £ r(S s> / l ), one can define 3d theory, 
denoted by TfEp^,^], living on the duality domain wall between T g ^ and 
if(T g ^)- In this notation, 

T[X ltl ,<p = S]=T[SU(2)}. (45) 



Generalizing the formula in eq (17), we expect that 

^2 j>[du'] m J T ]p g h!(p ](u,m;u' ,m')6 L ■ U m >(u';T gjh ) 

= d^ Ly U m (u;ip(T 9th )) . (46) 

In general, we do not know the 3d theory T[T,g t h, ip], thus the index for the 
theory cannot be calculated from the prescription of |llj.|12j.|16j. Thus we 
cannot check the above equation by directly calculating both sides. Instead, 
the above equation can be used as a tool to calculate the index for the 
mysterious 3d theory T[E gt h,(p\. To determine the index irp 9 h ,<p] from 
eq ( 46 ) , we should know followings 

1. U(Tg^h), half-index for the 4d theory T g ^ ■ 

2. C g> h, space of line operators in T g ^ . 
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3. f(L), action of (p on the line operators . 

4. Ol, action of a line operator L £ C on the half index . 

Since we know the Lagrangian description for general T g ^, given as SU(2) 
quiver theories [23], we can easily calculate the half index. C g ^ and the 
action of tp on line operators are studied in j36j [32]. Obtaining Ol can be 
rather difficult but we succeeded for some examples in [T3] which could be 
extended to general SU (2) quiver theories. 



5.1 Example : TV = 2 SU(2) with Np = 4 

The 4d theory obtained from two M5 branes wrapping on £o,4 is = 2 
SU(2) gauge theory with 4 fundamental hypermultiplets, Np = 4. The 
half-index for the theory is given by 

U m (T 0A )(u) = 5 mfi PE[ T —^(u + u- 1 )- T -^(u 2 + l + u- 2 )] . (47) 

For the fundamental Wilson line operator L = W, the difference operator 
Ol is given by 

6 W = x m u + x~ m u~ l . (48) 

For the minimally charged 't Hooft line operator L = T, the difference 
operator Ol is given by 



where El 



Oj- = H + (u,x)p + h m (u,x) + H~(u,x)p , 
x(l - u^x*™- 1 ) 4 



H± (u, x) 



[1 - U=F2 x T2m-2)( 1 _ uT 2 xT 2m} 



MU ' X) ~ (1 + x— + x^u) ' (49) 

5 The sign of the right hand side of eq ( |49[ ) is changed from the previous version of 
this paper. Since the 4-dimensional line operator indices obtained in [13] is not dependent 
on the sign of h m (u,x), the change does not affect discussions in there. However, since 
the integral equation eq (50 1 is dependent on the sign of h m (u,x), the solution eq (511 is 
changed from our previous version. We regard that the current sign in eq ( |49[ ) is more 
sensible since the resultant domain wall index shows the expected symmetry under the 
exchange of 517(2) and L SU{2). 
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For the duality element <p = S which maps W to T and vice versa, the 
equation ( |46| ) becomes 

m! 

= L(Of, Ovv) • II m (To i 4)(u) for arbitrary polynomials L(x, y). (50) 

From the equations, one can determine some of It[s 4,s}- For example, in 
the zero magnetic flux sector the index is given as 

^T[S ,4,S] ( u > rn = 0; u, m = 0) := It[S 0A ,S] ( u , u ') 

= 1 + 4 (x i (u) + Xi («')) x + (-16 + 9 ( X i(u) + xi («0) + 8 Xi («)X| («')) ^ 

+ (-36 ( X | («) + XI («0) + 16 (x|(«) + X|(«')) + 12 (xi(«)X|(</) + Xi(«)xi(«0)) ^ + °(^) 

(51) 

where Xj is the character of 2j + 1 dimensional representation of SU(2), 
Xj( u ) = ^2n=-j u2n - Here we use the fact that when m = ml = 0, the 
SU(2) x L SU(2) symmetry is unbroken and thus the index should be written 
as characters of two SU (2)s. 

Let us compare the result in eq (51) with the superconformal index for 
the 3d theory proposed in [23] obtained by interpreting the squashed three 
sphere partition function of T[£o,4, S] as a gauge theory partition function. 
The proposed theory is 3d N = 2 SU{2) super Yang-Mills theory with six 
fundamental chiral multiplets and eight neutral chiral multiplets. One can 
read the charges of chiral fields under six Cartans of the global symmetry 
from the expression of the partition function given in |23j . In table [2j we 
list the charges under two Cartans of global symmetry, denoted here by 
U (l)bot x f/(l)topi which shall correspond to two Cartans of 577(2) x L SU(2) 
global symmetry of T[So,4, 5]. 

The index for the 3d theory can be obtained using the general prescrip- 
tion in [12]. The single particle index is given as 

(1 1 _1 3 _1 1 13 
4 f3^2 + f3^2 ( U + U 

+ 2-^(n- 1 -n), 
1 — x z 

where the first line comes from the fundamental chiral multiplets and the 
second line from the two neutral chiral multiplets. Contributions from the 
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SU(2) f7(l)bot ^(l)top number of chiral multiplets 



1 

2 

_ 1 

2 
1 
2 



-1 



4 
1 
1 



Table 2: Charges of chiral fields in a theory found to be dual to T[£o,4] in 
[23] . SU (2) denotes the gauge group. 



other six neutral chiral multiplets cancel each other. Here we assigned the 
R-charge of fundamental (resp. neutral) chiral fields to be \ (resp. 1). £ 
and s are fugacity and magnetic flux for SU (2) gauge group. The index can 
be obtained as, 

oo „ 

I YM (u,u') =J2f [dC} s u-^x^PE[I^ M (x,u,u'; ()} . (53) 

where [dQ\ s is SU(2) Haar measure given in eq (25). and in eq (53) 
comes from zero-point contributions to the energy and flavor charge, respec- 
tively. We check that up to several orders in x, the index obtained in eq (53) 
coincides with the index in eq (|51|) 



Iym(u,u) = It[e ,4,5] • (54) 



The result provides further evidence that the theory proposed in [23] is dual 
to T[S 0l 4, S\. 
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A Index for T[SU{2), if = S 2 } 



Using the prescription in sec |4.1| (see eq (18),(24)), we should be able to 
calculate the index for T[SU(2),tp = S 2 ] theory. From several experiences 
using Mathematica, we found the followings 

lT[su(2),s 2 ](u,m;u',m) = <5 m , m /I(m, u, u') , where 

I( m = 0, u, u') = Xn{u) Xn {u') + k(x) [x°^{u)xt d {u') + xZ n {u)xZ en {u)] , 

n 

I(m > 0, u, u) = (1 _ rz . 2H ( n /)2)( 1 _ x 2H( u /)-2) ^u' )n • 

Here we define SU (2) characters Xn as 

Xn(u) := u n + u~ n+2 + ...+ u n ~ 2 + u n , 



oo oo 



xt d ■= E u2k+1 . ■■= E u2k ■ ( 55 ) 

k=— oo k=— oo 

The full analytic expression for n{x) is not determined. Listing a few lowest 
order in x, k{x) is given by 

k{x) = 2x + 4x 3 - 2x 4 + . . . (56) 

One interesting property for It[su(2).s 2 } ^ s that it acts as the identity op- 
erator on general f(u,m), It[su(2),s 2 ] © / = /> if / satisfies the following 
conditions 

1. / can be written as a Laurent series about zero, f(u, m) = X^eez c m,eU e . 

2. For m = 0, / can be decomposed into SU (2) characters in u. Equiva- 
lently, c m=0 , e = c m=0 e . 
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It is straight forward to verify this. Note that a 3d index It[su(2),<b] ( n > m ! u ' •> m ') 
for an arbitrary (p satisfies these conditions. Thus, It[su(2),s 2 ] ac ^ s on the 
3d index It\su(2),<p] as the identity operator. The second property for the 
3d indices follows from the fact that the SU(2) (whose Cartan is conjugate 
to chemical potential u) global symmetry is unbroken when background 
monopole flux m is 0. 

A similar property is found for the S* 3 partition function for T[SU(N)] 
theory (see eq (2.24) of [37]). 



B Index for T[SU{3)} 

In this section, let us consider the index for T[SU (3)] theory and its relation 
with the index for 4d M = 4 SYM with G = SU{3). 

Let U = diag(£7i, U2, U3) and m = diag(mi, 1112, m^) be the chemical 
potential and monopole charge for the SU(3) flavor symmetry, imposing 
conditions U1U2U3 = 1 and mi + mi + m.3 = 0. Also let us use U' , m' for 
the chemical potential/monopole charge for the L SU(3) quantum symmetry. 
Then the index for T[SU (3)] can be written as follows 

lT[SU(3)](U,m,U',m',r)) 

/ 3 fU'\ a f TI'\ Sl+S2 

\i=i i=i j=i j 

x PE[ X{J ! + 2 + ^1-1—21(^^-1 + zi 1 z 2 ))) (57) 

1 — x z 

where ((,cr) and (daig(zi, Z2), diag(si, S2)) are (chemical potential, monopole 
charge) for the gauge group U{1) and U(2). [dQ and [dz] are Haar measures 
of U(l) and £7(2) in the monopole background, 

w = 4- [dz] = (i ^)n<>- ^^7*)- (»> 

The contour integrals are over small circles around C = 0, Z{ = 0. The 
symmetric factor (sym.) is 1 if s± 7^ S2, and 2 if si = S2- eo is the Casimir 
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energy given as 

i=l,2 1=1,2^=1,2,3 

where the last term comes from the vector multiplet of U(2), and the other 
terms are from hypermultiplets. The summations are over monopole charges 
satisfying Dirac quantization, a — Si £ Z and Sj — ntj E Z. For instance, if 
m = diag(|, — 3, — 3), the sum of a and S{ run over | + Z. We impose a 
condition s% > S2 on the summation using Weyl symmetry of U(2) gauge 
group. 

Expanding in x, the first two terms for m = m' = are 
It[SU(3)](U, m, U', m')| 

m=m'=0 1 + (Xadj(U) + Xa*-^))^ + 0(x 2 ) (59) 
where Xadj(U) = (Ui + U2)(Ui + U3)(U2 + U3)\u 1 u 2 u 3 =i denotes the character 



of the adjoint representation of SU(3). In eq (59), the index is invariant 
under the exchange of U and U' to the displayed order in x. The invariance 
is indeed checked to several orders in x using mathematica. 



Since the 4d half-index © for G = SU(3) and 3d T[SU(3)} index (57) 



are both explicitly given, we can check the condition eq (15). For H(U) : 



n m= o(t^), we check the following holds up to several orders in x 

U(U) = j[dU'] I T[Sum] (U,in,U',m', r?) | m=m ,= ^=i n(C7') . 

Let us now consider how S-duality acts on the fundamental Wilson 
line in 4d N = 4 SU(3) theory. Since the fundamental representation of 
SU(3) is complex, an insertion of the fundamental Wilson line is distin- 
guishable from that of the anti-fundamental Wilson line unlike to SU(2) 
gauge group. The 't Hooft line operator 0(1,0) (resp. Ori,i)) with magnetic 
charge diag(|, — 3, — |) (resp. diag(|, g,— §)) is obtained in [13]. In several 
orders in re, we find that the followings hold 

f Z m > fldU']lTlsu(3)](U,m,U',m') Xs(U')U mf (U') = O (1)0 ) • U m (U), 
1 E m > §ldU']lTlsu(3)](U,m,U',m') X ^U')Tl m , [U') = (lfl) -U m (U) , 

(60) 

where Xs{U) = U 1 +U 2 +U3\ Ul u 2 u 3 =i andx3(^) = U x 1 +U 2 1 +U 3 1 \u x u 2 U 3 =i 
are characters for 3 and 3 representations of SU(3). The first equation of 



eq (60) implies that S-duality maps the fundamental Wilson line, W3, to 



the 't Hooft line with magnetic charge diag(|, — 3, — |), T diag ^ _i The 
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second equation implies that S-duality maps the anti-fundamental Wilson 
line, W3, to the 't Hooft line with charge diag(|, |, — |), 7^ iag (i 1 _2y Also, 
we can check that the followings hold in several orders in x, 

f insum (O(i,o) • n) m (c/) = xg(con m (Lr), 
1 ^t[5c/(3)] (0(i,d • n) m (c/) = x3(con m (LT) . 

The equations imply that S-duality maps 7^j iag (2 _i _i\ to W3, and 7^ iag (i 1 _ 
to W 3 . 

The action of S-duality on line operators can be summarised as follows 

U ' :5 T diag(|,-|,-|) 

t 4 

which is consistent with S 4 = 1. It would be interesting to check this S- 
duality map of line operators in other gauge groups. 
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